It was conjectured by Mkrtchyan, Petrosyan, and Vardanyan [4, 5] that: Every graph G with ∆(G) − δ(G) ≤ 1 has a maximum matching M such that any two M -unsaturated vertices do not share a neighbor. Early results obtained in [4, 6, 7] leave the conjecture unknown only for k-regular graphs with 4 ≤ k ≤ 6. All counterexamples for k-regular graphs (k ≥ 7) given in [6] have multiple edges. In this paper, we consider the conjecture for both simple k-regular graphs and k-regular graphs with multiple edges. We show that the conjecture holds for all simple k-regular graphs, and for k-regular graphs (k = 4 or 5) with multiple edges.
this paper, we consider the conjecture for both simple k-regular graphs and k-regular graphs with multiple edges.
First we show that Conjecture 1.1 does hold for all simple k-regular graphs. Further, we show that Conjecture 1.1 is true for general 4-regular graphs and 5-regular graphs which may have multiple edges. Theorem 1.3 . Let G be a k-regular graph for k = 4 or 5. Then G has a maximum matching M such that any two M -unsaturated vertices do not share a neighbor.
Unfortunately, we are unable to prove the conjecture for 6-regular graphs with multiple edges, which is the only case remaining unknown.
Preliminaries
Let G be a graph and v be a vertex of G. For X ⊆ V (G), let δ(X) := min{d(v)|v ∈ X} and ∆(X) := max{d(v)|v ∈ X}. The neighborhood of X is defined as N (X) := {y|y is a neighbor of a vertex x ∈ X}. Let M be a matching of G. A vertex subset X is M -saturated if M covers all vertices of X. For two subgraphs G 1 and G 2 of G, the symmetric difference of G 1 ⊕ G 2 is defined as a subgraph with vertex set V (G 1 ) ∪ V (G 2 ) and edge set (E(G 1 ) ∪ E(G 2 ))\(E(G 1 ) ∩ E(G 2 )). Use [G 1 , G 2 ] to denote the set of all edges joining vertices of G 1 to vertices of G 2 .
A matching of G is called a near-perfect matching if it covers all vertices except one. If a graph G has a near perfect matching, then G has odd number of vertices. A graph is factor-critical if for any vertex v of G, G − v has a perfect matching. Clearly, a factor-critical graph has a near-perfect matching. Let D be the set of all vertices of a graph G which are not covered by at least one maximum matching, and A, the set of all vertices in V (G) − D adjacent to at least one vertex in D. Denote
The following theorem characterized the structures of maximum matchings of graphs, which is due to Gallai [2] and Edmonds [1] . Then let M ′′ = M ⊕ P . Then M ′′ is a maximum matching of G which covers x and all vertices covered by M except y. Note that y ∈ B\W and x ∈ W . Hence M ′′ covers more vertices of W than M , a contradiction to the maximality of the number of vertices of W covered by M . This completes the proof.
Let P k be a path of order k (i.e., k vertices). A {P 2 , P 3 }-packing S of G is a subgraph of G such that every component of S is either P 2 or P 3 . A matching of G is a {P 2 , P 3 }-packing without P 3 -components. Lemma 2.3 can be generalized for {P 2 , P 3 }-packings as follows. Proof. Suppose to the contrary that G has no such a {P 2 , P 3 }-packing. Since every maximum matching of G covers all vertices of A, G has a {P 2 , P 3 }-packing S such that:
(1) d S (v) ≤ 1 for any v ∈ B; and (2) S covers all vertices of A.
Choose a {P 2 , P 3 }-packing S of G satisfying (1), (2) and (3) Subject to (1) and (2), S covers the maximum number of vertices of W .
Let x ∈ W be a vertex that is not covered by S. Then for any y ∈ N (x), the degree of y in S satisfies d S (y) = 2. Otherwise, let yx ′ be a component of S. Then replacing yx ′ by xyx ′ in S will increase the number of vertices covered by S, a contradiction to (3) . Now orient all edges of S from A to B and all other edges from B to A. Let G x be the maximal subgraph of G consisting of all vertices v such that there is a directed path from x to v in G. Since G x is maximal, there is no directed edge from G x to G 
By (3), every vertex y of V (G x ) ∩ A has degree two in S, and every vertex z of V (G x ) ∩ B is in W . Otherwise, S ⊕ P is a {P 2 , P 3 }-packing of G containing more vertices from W where P is a directed path from x to y (or z), a contradiction to (3).
So we have
It follows that 2δ(W ) < ∆(A), a contradiction to 2δ(W ) ≥ ∆(A). This completes the proof.
Lemma 2.4 can be strengthened to the following result that will be used in the proof of Theorem 1.3. Proof. By Lemma 2.4, G(A, B) has a {P 2 , P 3 }-packing S satisfying (1) and (2). Choose {P 2 , P 3 }-packings S satisfying (1) and (2) such that (i) the number of components of S containing two vertices of W is minimum, and subject to (i),
(ii) the number of P 3 -components of S containing a vertex of W is minimum.
Let S be the family of all {P 2 , P 3 }-packings satisfying (1), (2), (i) and (ii). If S contains an S that has no component containing two vertices of W , then we are done. So assume every element of S contains a P 3 -component that has two vertices from W .
For any element S ∈ S, let xyx ′ be the P 3 -component such that x, x ′ ∈ W and y ∈ A. Orient all edges of S from A to B and all other edges of G from B to A. A vertex z is reachable from y if there is a directed path from y to z. Let G y be the maximal subgraph of G induced by all reachable vertices of y, and let G Claim: S has an element S with a P 3 -component xyx ′ such that every vertex v ∈ V (G y ) ∩ B with d(v) < ∆(A) belongs to U and is contained by a P 3 -component of S.
Proof of Claim:
If not, let v be a vertex of V (G y ) ∩ B such that
Since v is reachable from y, let P be a directed path from y to v. Over all S ∈ S, all P 3 -components xyx ′ and all vertices of S satisfies ( * ), choose an S with a P 3 -component xyx ′ and a vertex v such that |P | is minimum. First, suppose that all P 3 -components of S intersecting P , except the component xyx ′ , do not contain a vertex of W . Let S ′ = S ⊕ P if v / ∈ U , and S ′ = S ⊕ (P − v) if v is contained by a P 2 -component. Then S ′ does not generate a new P 3 -component containing two vertices from W .
So the number of P 3 -component containing two vertices of W is reduced because xyx ′ is no longer a P 3 -component, a contradiction to that S ∈ S and (i).
So there exists a P 3 -component intersecting P , different from xyx ′ , which contains a vertex of W . Let Q be a P 3 -component with Q ∩ P = ∅ and Q ∩ W = ∅ such that the distance between v and Q ∩ P is minimum. Assume Q = wy ′ w ′ where w ∈ W . Let P y ′ →v be the segment of P from y ′ to v. By the choice of Q, every
, by the argument above, the number of P 3 -components containing two vertices of W in S ′ is smaller than that of S, contradicting S ∈ S and (i). So suppose w ′ / ∈ W . If
But the direct path from y to w ′ is shorter than P , which contradicts the choice of S and v. So suppose y ′ w ′ ⊂ P y ′ →v . Then y ′ w is a P 2 -component of S ′ . So the number of P 3 -components of S ′ containing exactly one vertex of W is smaller than that of S, contradicting S ∈ S and (ii). The contradiction completes the proof of Claim.
Choose an S ∈ S satisfying Claim. Let Further, by Claim and the fact that xyx ′ ⊆ S and {x,
Note that all edges joining vertices G c y to vertices of G y are from
Combining (2) with δ(B 2 ) ≥ ∆(A) and 2δ(B 1 ) ≥ ∆(A), it follows that
which contradicts (1). This completes the proof.
Proof of main results
Now, we are ready to prove our main results.
Let G be a k-regular graph. Without loss of generality, assume that G is connected. Otherwise, we may consider each component of G. 
It follows that c(D) ≥ 2 + |A|.
be the set of all edges joining a vertex of Q i (resp. D) and a vertex of A. Note that
because G is k-regular. Let G/Q i be the graph obtained by contracting Q i and deleting all loops.
Note that Q i is factor-critical and hence has odd number of vertices, and G/Q i has even number of vertices of odd degree. So the degree of the new vertex of G/Q i corresponding to Q i has the same parity as k. It follows that
In the following, we always assume that
Proof of Theorem 1.2. Since G is a simple graph, for each Q i , we have
So, for i ≥ t, it follows that
Contract all components Q i into a vertex q i and let H be the bipartite graph with bipartition Then any two M ′ -unsaturated vertices belong to X and hence do not share a common neighbor since Q i ∩ Q j = ∅ for i = j. This completes the proof of the theorem. Now we are going to prove Theorem 1.3.
Proof of Theorem 1.3. All graphs discussed here may contain parallel edges. Prove the theorem by dealing two different cases k = 4 and k = 5.
Hence Q i for i ≥ t is not a singleton. Further, Q i for i ≥ t has at least three vertices because
Contract all components Q i into a vertex q i and let H be the bipartite graph with bipartition A Order Q i 's for i ≥ t such that, for some integer β ≥ t, every Q i with i ≥ β contains a good vertex, and Q j for t ≤ j < β does not contain a good vertex. It follows that |Q j | = 3 = |[Q i , A]| for t ≤ j < β, and hence every vertex of Q j (t ≤ j < β) has a unique neighbor in A.
Contract all components Q i into a vertex q i and let H be the bipartite graph with bipartition A and B = {q i |i = 1, 2, ...}. Let W := {q i |d H (q i ) ≥ 5} (i.e., i < t), and U := {q i |d H (q i ) = 3}.
Note that G is 5-regular. So ∆(A) ≤ 5. By Gallai-Edmonds Structure Theorem, every maximum matching of H is A-saturated. By Lemma 2.5, H has a {P 2 , P 3 }-packing S such that:
(1) S covers all vertices of A, W and U ; (2) d S (v) ≤ 1 for any v ∈ B;
